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Abstract: The non-homogeneous Poisson processes (NHPPs) based software reliability models 

(SRMs) have gained much popularity in actual software testing phases to assess the software 

reliability, the number of remaining software faults and the software release scheduling. It is well 

known that the Weibull distribution plays an important role in reliability applications because of its 

flexibility in being able to represent various patterns of failure rate functions. In this paper, we 

introduce some recent generations of Weibull distribution to represent the underlying software 

fault-detection time distribution of the NHPP-based SRMs. We study the effectiveness of 

Weibull-type distributions in software reliability modeling through goodness-of-fit test and 

prediction analysis. 
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1.  Introduction 

One class of non-homogenous Poisson processes (NHPPs) based software reliability 

models (SRMs) is concerned with modeling the number of software faults detected in 

testing phases. Since the NHPP-based SRM is characterized by its mean value function, 

which is proportional to the cumulative distribution function of software fault-detection 

time, the well-known Goel-Okumoto NHPP-based SRM [2] can be derived by assuming 

the exponential distribution as the software fault-detection time distribution. By selecting 

the traditional Weibull distribution function as the software fault-detection time 

distribution, a generalized Goel-Okumoto NHPP-based SRM [3] with S-shaped growth 

curve of the detected software faults was proposed in 1982. Recently, Xiao and Dohi [7] 
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developed ED-NHPP-based SRMs by applying the equilibrium distribution (ED) to the 

underlying fault-detection time distribution. They studied four underlying fault-detection 

time distributions, including the exponential and Weibull distribution, and concluded that 

the ED-NHPP-based SRMs outperformed the corresponding existing ones in many data 

sets from the perspective of goodness-of-fit and prediction performance. This motivates 

us to study the effectiveness of other underlying fault-detection time distributions. 

     It is well known that the Weibull distribution plays an important role in reliability 

applications because of its flexibility in being able to represent various patterns of failure 

rate functions. Based on the traditional Weibull distribution function, many 

generalizations and modifications have been proposed ([5]). Pham and Lai [6] gave a 

discussion on some Weibull models that appeared since 2004. In this paper, we introduce 

recent generations of Weibull-type distributions to represent the underlying software 

fault-detection time distribution of the NHPP-based SRMs. We study the effectiveness of 

Weibull-type distributions in software reliability modeling through data analysis with 

real software development project data. 

2.  NHPP-based Software Reliability Modeling 

Suppose that the initial number of software faults is a Poisson random variable with 

mean �	�> 0� , and software faults are detected at independent and identically 

distributed (i.i.d.) random times. Let ���� denote the cumulative distribution function 

of the software fault-detection time, then the stochastic point process {	���, � ≥ 0} is 

called an NHPP if its probability mass function is of the following form: 

Pr�	��� = �� = ��������
�! exp�−������,                     (1) 

where 	��� denote the number of software faults detected by testing day �. ���� =
E 	���! = �����  is the mean value function of NHPP and means the expected 

cumulative number of software faults detected by testing day �. From this modeling 

framework, almost all NHPP-based SRMs can be derived by choosing the software 

fault-detection time distribution ����. For instance, if ���� = 1 − exp	 −#�!, then the 

resulting NHPP-based SRM becomes the Goel-Okumoto SRM [2]. 

     The commonly used technique for parameter estimation is the maximum 

likelihood (ML) method. Let $ denote the vector of model parameters in the mean 
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value function ���� = ���; $�. Suppose that software fault count data ��&, '&�, ��(, '(�, 

⋯ , ���, '��  are available, where �*  and '*  are the + -th testing day and the 

cumulative number of software faults detected by �* , respectively. Then, the log 

likelihood function of the NHPP with n software fault count data is given as a function 

of $, by 

,,��$� = -�'* − '*.&� ln ���*; $� − ���*.&; $�!
�

*1&
− ����; $� 

−∑ ln �'* − '*.&�!!�*1& .																																		              (2) 

Then the ML estimate of $, say $4, is given by the solution of argmax$,,��$�. 

3.  NHPP-based SRMs with Weibull-type Distributions 

The Weibull-type distribution plays a significant role in reliability applications, such as 

human life and electronic devices. In addition to these, Pham and Lai [6] discussed some 

recent Weibull-related studies that appeared since 2004 and briefly summarized the 

reliability function 8��� and the characteristic of the generalized Weibull distributions. 

Here we offer a review of the distributions mentioned in reference [6] and show the 

cumulative distribution function ���� = 1 − 8���  instead in Table 1, where the 

distributions are classified as GP1, GP2 and GP3 by the number of free parameters. The 

“Author” of each distribution is kept the same with that in reference [6], so that the 

reader can find the details of each distribution therein. 

     In this paper, we focus on studying the role of these Weibull-type distributions in 

software reliability modeling. Under the modeling framework introduced in the last 

section, we derive 12 NHPP-based SRMs by assuming the Weibull-type distributions as 

the software fault-detection time distribution. For convenience sake, we name the SRMs 

based on the distributions in GP1, GP2 and GP3, as M2-1 through M2-5, M3-1 through 

M3-5 and M4-1 through M4-2, respectively. Note that M2-2 is the well-known 

Goel-Okumoto SRM [3] where the traditional Weibull distribution function is assumed 

as the software fault-detection time distribution. 

     Generally, it can be considered that 3- and 4-parameter Weibull-type distributions 

are developed in order to gain much more flexibility or to be able to capture the 

non-monotonic behavior of the underlying failure rate function. Therefore, it is of great 

interests to know which group is more appropriate to software reliability modeling. In 
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numerical study, we compare the goodness-of-fit and predictive performance of the 

derived 12 NHPP-based SRMs, especially taking notice on the differences among 2-, 3- 

and 4-parameter Weibull-type distributions. Additionally, we calculate the quantitative 

reliability evaluation measure such as software reliability. 

Table 1: Generalized Weibull Distributions 

Group Author ���� Model 

GP1 

Gompertz (1825) 1 − exp 9	#: �1 − exp�:���	; �# > 0,−∞ < : < ∞� M2-1 

Weibull (1951) 1 − exp 	−#�> 	! �#, : > 0) M2-2 

Smith and Bain (1975) 1 − exp 	1 − exp��#��>�	!		�#, : > 0) M2-3 

Jiang and Murthy (2001) exp −�#/��>! �a, : > 0� M2-4 

Bebbington, Lai and Zitikis (2006) 1 − exp 	−exp�#� − :/��	! �#, : > 0� M2-5 

GP2 

Slymen and Lachenbruch (1984) 1 − exp 9	−exp @# + >��B.�CB�
(D E	;  M3-1 

Mudholkar and Srivastava (1993)  1 − exp�−�/#�>!D		�#, : > 0, F ≥ 0� M3-2 

Marshall and Olkin (1997) 1 − GHIJ�.��/>�B�
&.�&.G�HIJ�.��/>�B� �a, :, F > 0� M3-3 

Xie, Tang and Goh (2002) 1 − exp 	#:�1 − exp���/:�D�	�	!		�#, :, F > 0� M3-4 

Lai, Xie and Murthy (2003) 1 − exp 	−#�>exp�F��	! �#, : > 0, F ≥ 0) M3-5 

GP3 

Xie and Lai (1995) 1 − exp 	−��/#�> − ��/F�K	! �#, :, F, L > 0) M4-1 

Nadarajah and Kotz (2005) 1 − exp 	−#�>�exp�F�K� − 1�	! �#, L > 0, :, F ≥ 0) M4-2 

4.  Numerical Study 

4.1  Goodness-of-fit Test and Prediction Analysis 

We use 4 real project data sets, DATA3, DATA7, DATA8 and DATA14, which are cited 

from Lyu [4]. They consist of 46, 535, 481 and 266 software fault counts, respectively, 

and are renamed as DS1 through DS4 in this paper. We estimate model parameters by 

means of the ML method, and calculate the information criteria AIC and BIC as well as 

MSE. They are of the following forms: 

MNO = −2Q,, + 2R,                             (3) 

SNO = −2Q,, + R ln���,                          (4) 

QTU = V∑ �'* − ���*��(�*1& /�,                     (5) 

where Q,,  denotes the maximum log likelihood, R  is the number of model 

parameters and the software test terminates at �-th testing day ��. Additionally, we take 
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place the Kolmogorov-Smirnov (K-S) test with two significance levels (5% and 1%). If 

the K-S test is accepted, it means that the SRM assumed fits to the underlying data. 

     Table 2 presents the goodness-of-fit test results for all data sets. Since M2-4 and 

M2-5 are not accepted in the K-S test with significance level 5% (1%) in 3 (1) and 4 (3) 

data sets, we compare AIC, BIC and MSE of the other 10 SRMs. It can be seen that 

M2-2 (Goel SRM [3]) only outperforms the other GP1 members in DS3. On the other 

hand, M2-3 seems better because it performs best among GP2 in 2 data sets regardless of 

evaluation measures. M3-1 and M4-1 are the best in each group, respectively, when 

taking notice on AIC, BIC and MLL. Furthermore, we found that the most frequent 

pattern was (M3-1→M4-1→M2-3) when ranking them by AIC, BIC and MLL, while 

M4-1 came to the top in case of MSE. This is not a surprising result because MSE 

measures the distance between estimates and real data, so the more parameters the model 

has, the nearer the distance is. By contrast, AIC/BIC also takes account of model 

dimension. Therefore, it can be concluded that 3-parameter Weibull-type distributions 

are more appropriate to software reliability modeling. 

     Next, we examine the predictive performance of the 12 NHPP-based SRMs, where 

two prediction measures are used: predictive log likelihood (PLL) and predictive least 

squares error (PLS). The PLL is defined as the logarithm of likelihood function with 

future data at an observation point, and the PLS is the residual sum of errors between the 

mean value function and the future data from an observation point. Table 3 presents the 

prediction analysis results at observation point 50% and 90% of a whole data set. It is 

checked that GP2 provides better prediction performance in DS1 and DS3 in spite of 

observation points. GP1 outperforms GP3 especially at observation point 90%. 

4.2  Quantitative Software Reliability 

We evaluate the quantitative software reliability, which is the probability that the 

software system does not fail during a specified time interval after release. Suppose that 

the software test terminates at the �-th testing day ��, and the product is released at the 

same time to the user or market. Then, the software reliability for the operational period 

 ��, ��XY� is defined by 

8�Z|��� = exp	 −����� + Z� − ������!.                      (6) 
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Table 2: Goodness-of-fit Test 

 
AIC BIC MSE MLL AIC BIC MSE MLL 

 DS1 DS2 

M2-1 79.772 82.906 0.266 -36.886 519.152 527.227 1.155 -256.576 

M2-2 81.505 84.638 0.323 -37.752 521.411 529.485 1.362 -257.706 

M2-3 80.957 84.091 0.296 -37.479 515.218 523.292 1.081 -254.609 

M2-4 129.459 132.593 3.340 -61.729 604.977 613.051 3.629 -299.488 

M2-5 103.532 106.665 1.359 -48.766 698.832 706.906 5.095 -346.416 

M3-1 78.417 82.595 0.277 -35.209 501.099 511.864 1.010 -246.549 

M3-2 83.642 87.820 0.346 -37.821 541.660 552.425 1.850 -266.830 

M3-3 81.456 85.634 0.260 -36.728 511.389 522.155 0.988 -251.695 

M3-4 81.305 85.483 0.263 -36.652 515.696 526.462 1.105 -253.848 

M3-5 81.299 85.477 0.282 -36.650 514.539 525.305 1.057 -253.270 

M4-1 82.689 87.911 0.259 -36.344 514.265 527.722 0.965 -252.133 

M4-2 83.671 88.894 0.261 -36.836 515.721 529.178 1.013 -252.861 

 DS3 DS4 

M2-1 678.292 686.421 1.718 -336.146 486.880 492.366 1.984 -240.440 

M2-2 651.951 660.080 1.626 -322.976 489.153 494.639 2.047 -241.577 

M2-3 676.832 684.960 1.656 -335.416 486.720 492.206 2.014 -240.360 

M2-4 760.260 768.389 3.629 -377.130 477.764 483.250 2.138 -235.882 

M2-5 789.659 797.788 2.987 -391.830 493.536 499.022 4.192 -243.768 

M3-1 634.798 645.636 1.626 -313.399 488.392 495.706 2.052 -240.196 

M3-2 663.890 674.728 1.811 -327.945 490.770 498.084 2.064 -241.385 

M3-3 653.006 663.844 1.598 -322.503 491.147 498.462 2.049 -241.574 

M3-4 653.953 664.791 1.627 -322.976 488.722 496.036 2.014 -240.361 

M3-5 653.952 664.790 1.625 -322.976 491.143 498.457 2.047 -241.571 

M4-1 653.915 667.463 1.619 -321.958 472.449 481.592 1.524 -231.224 

M4-2 655.749 669.297 1.615 -322.875 491.404 500.548 2.001 -240.702 
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Table 3: Predictive Performance 

 
PLL50 PLSE50 PLL90 PLSE90 PLL50 PLSE50 PLL90 PLSE90 

 DS1 DS2 

M2-1 -66.664  8.661  -45.419  0.699  -974.005  42.391  -549.415  0.868  

M2-2 -42.650  2.023  -46.242  1.569  -856.273  34.044  -540.409  0.454  

M2-3 -42.906  2.145  -46.241  1.569  -857.098  34.110  -546.905  0.796  

M2-4 -84.337  4.471  -49.528  1.769  -716.217  22.075  -552.118  4.097  

M2-5 -46.601  2.465  -45.717  0.871  -542.192  0.885  -540.922  0.312  

M3-1 -328.503  4.216  -45.293  0.432  -864.805  34.667  -543.427  0.625  

M3-2 -40.930  1.118  -45.949  1.293  -594.080  10.875  -541.258  1.012  

M3-3 -65.002  9.099  -45.659  0.999  -858.356  34.200  -542.444  1.484  

M3-4 -73.826  9.607  -45.465  0.762  -744.187  25.820  -542.827  0.554  

M3-5 -60.869  8.464  -45.305  0.365  -846.312  33.500  -543.274  0.605  

M4-1 -48.342  4.553  -45.441  0.711  -857.836  34.163  -542.656  0.554  

M4-2 -57.569  6.350  -45.772  1.132  -542.111  1.185  -542.371  0.588  

 DS3 DS4 

M2-1 -533.968  2.338  -514.630  0.826  -265.063  1.988  -266.862  1.125  

M2-2 -538.066  7.239  -491.275  0.690  -261.834  2.934  -266.528  0.986  

M2-3 -523.893  3.911  -501.801  0.805  -267.633  3.039  -265.372  1.497  

M2-4 -684.592  19.826  -491.190  2.214  -266.242  2.175  -267.203  1.265  

M2-5 -511.652  2.582  -491.377  0.678  -277.402  7.816  -265.952  1.631  

M3-1 -534.321  6.770  -491.284  0.690  -264.822  1.966  -266.272  0.900  

M3-2 -509.332  2.565  -486.245  0.315  -262.252  3.872  -266.332  0.914  

M3-3 -528.401  6.057  -491.684  0.703  -262.064  2.991  -266.325  0.913  

M3-4 -516.307  4.079  -489.604  0.627  -262.679  2.327  -265.458  1.156  

M3-5 -520.161  4.781  -489.971  0.643  -262.031  2.740  -265.916  1.506  

M4-1 -513.618  3.460  -491.758  0.707  -2423.800  14.206  -338.150  3.866  

M4-2 -539.082  7.350  -492.726  0.726  -481.710  13.776  -265.664  1.915  

However, the calculation of software reliability in this way is not very helpful to the 

practitioner because 8�Z|��� drops to 0 immediately in most cases. To overcome this 

deficiency, Fujii et al. [1] proposed a software reliability inference. Here we use a 
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similar method to provide the practitioners with a useful measure for decision makings. 

Assume that the last software fault was detected on the �-th testing day ��, and there 

exists the “zero-count fault period” #. Under the condition that no fault is detected in 

(��, ��XG! with an additive testing period #, the conditional software reliability can be 

defined as 

8�Z|��\ � = exp	 −�����\ + Z� − ����\ ��!,                       (7) 

where ��\ = �� + #  and Z  denotes the operational period. This assumption can be 

accepted in an intuitive way because it is considered that the product is more reliable 

with a “fault-free” period before release. 

In Table 4, case # = 0 and case # = 14 correspond to the software reliability 

calculated by Equation (6) and (7), respectively. This table shows the probability that the 

system does not fail by the 360-th day from ��\ . It can be seen that, when # = 0 

(without “fault-free” period), this probability decreases to less than 0.1 one year after 

release in DS1 and DS4. On the other hand, it remains more than 0.8 in most cases when 

# = 14 (with a 2-week-“fault-free” period). Among the 12 NHPP-based SRMs, M2-4 

provides the most pessimistic evaluation, and the ones based on 4-parameter 

Weibull-type distributions give a relatively optimistic evaluation in all the data sets. 

5.  Conclusions 

In this paper we introduced 12 Weibull-type distributions to the NHPP-based software 

reliability modeling, by assuming them as the underlying software fault-detection time 

distribution. In the numerical examples with 4 real software fault data sets, we compared 

the goodness-of-fit and predictive performance of the 12 NHPP-based SRMs, and found 

that 3-parameter Weibull-type distributions are more appropriate to software reliability 

modeling. Additionally, we also calculated the quantitative software reliability, with a 

“fault-free” period introduced. This method has been shown much useful for the 

practitioners through the numerical studies performed here. 
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Table 4: Software Reliability 

 ] = 0 ] = 14 

 

DS1 DS2 DS3 DS4 DS1 DS2 DS3 DS4 

M2-1 0.053 0.630 0.940 0.000 1.000 0.983 0.998 0.986 

M2-2 0.000 0.003 0.441 0.000 0.990 0.199 0.843 0.041 

M2-3 0.000 0.586 0.974 0.000 1.000 0.977 1.000 0.963 

M2-4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

M2-5 0.001 0.045 0.826 0.000 0.996 0.615 0.988 0.569 

M3-1 0.085 0.180 0.574 0.000 1.000 0.803 0.899 0.807 

M3-2 0.000 0.000 0.024 0.000 0.494 0.000 0.193 0.000 

M3-3 0.003 0.010 0.529 0.000 0.975 0.243 0.849 0.070 

M3-4 0.029 0.444 0.510 0.015 1.000 0.950 0.853 0.986 

M3-5 0.000 0.352 0.514 0.000 0.990 0.919 0.888 0.000 

M4-1 0.017 0.446 0.465 0.689 1.000 0.866 0.878 1.000 

M4-2 0.033 0.273 0.597 0.003 1.000 0.866 0.898 0.978 
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